In this paper, we use various anstazes motivated from our earlier works on transonic gas flows, boundary layer problems and Navier-Stokes equations to find new explicit exact solutions with multiple parameter functions for the equation of geopotential forecast and the equations of nonlinear magnetohydrodynamics.
Introduction
Partial differential equation (H xx + H yy ) t + H x (H xx + H yy ) y − H y (H xx + H yy ) x = kH x (1.1) is used in earth sciences for geopotential forecast on a middle level (e.g., cf [Ki] and Page 222 in [I] ), where k is a real constant. Kibel' [Ki] found the Gaurvitz solution of the above equation. The well known Syono solution was given in [Sy] . Katkov [Ka1, Ka2] determined the Lie point symmetries and obtained certain invariant solutions. The other known solutions are related to the physical backgrounds such as configuration of type of narrow gullies and crests, flows of type of isolate whirlwinds, stream flow, springs and drains, hyperbolic points, and cyclone formation (e.g., cf. Pages 225, 226 in [I] ). In magnetohydrodynamics, it is very important to study the nonlinear MHD equations:
(ϕ xx + ϕ yy ) t + ϕ x (ϕ xx + ϕ yy ) y − ϕ y (ϕ xx + ϕ yy ) x = (ψ xx + ψ yy ) z + ψ x (ψ xx + ψ yy ) y − ψ y (ψ xx + ψ yy ) x , (1.3)
where ϕ and ψ are the potentials for the velocity and the transverse component of the magnetic field, respectively (they can also be interpreted as the potential of an electric field and the zcomponent of the vector potential of the magnetic field) (e.g., cf. [KP] and Page 390 in [I] ). We refer [P] for more information on magnetohydrodynamics. Samokhin [S] (1985) determined the Lie point symmetries of the above equations, conservation laws and some solutions in terms the solutions of the other partial differential equations. Bershadskii [B] found a connection between the energy conservation law and the uniqueness of classical solution of the nonlinear MHD equations. The reason of solving the geopotential equation together with the nonlinear MHD equations is that the left hand side of the equation (1.1) coincides with that of the equation (1.3). Based our earlier works on transonic gas flows [X1] , boundary layer problems [X2] and NavierStokes equations [X3] , we give in this paper various ansatzes related to algebraic characteristics of the above equations to find new explicit exact solutions with multiple parameter functions. By specifying these parameter functions, one can obtain the solutions of certain initial-value problems of the above equations.
The symmetry group of the geopotential equation (1.1) is generated by the following transformations: 5) where α and β are arbitrary functions of t. The symmetry transformations of the nonlinear MHD equations (1.2) and (1.3) that we are concerned with are: 10) where σ and τ are any functions of t, z; 16) where α = α(t + z) and β = β(t − z) are arbitrary one-variable functions. The above transformations change solutions to solutions. For convenience, we always assume that all the involved partial derivatives of related functions always exist and we can change orders of taking partial derivatives. We also use prime ′ to denote the derivative of any one-variable function.
In Section 2, we solve the equation (1.1) of geopotential forecast. We find explicit exact solutions of the nonlinear MHD equations (1.2) and (1.3) in Section 3.
Solutions of Geopotential Forecast Equation
In this section, we find two families of exact solutions of the geopotential forecast equation (1.1).
Let α and β be functions of t. Set
where φ is a two-variable function and τ, µ, ν are functions in t. Note
In order to solve the above equation, we assume
for some function ϑ of t, and
Note that (2.8) is equivalent to the following system of ordinary differential equations:
By the first equation in (2.9), we have α = c ∈ R. So τ = cϑ ′ ′ according to the second equation in (2.7). Moreover, the first equation in (2.7) yield
Hence the second equation in (2.9) becomes
According to the third equation in (2.7),
Modulo the transformation in (1.5), it is enough to solve the following equation:
The above equation can written as
So we take the form
(2.17)
(2.18)
Thus we have the solution: 
(2.20)
Next we set
where ξ is a one-variable function. Note
Then (1.1) is equivalent to:
Modulo the transformation (1.5), we only need to solve the equation:
To solve the above ordinary differential equation, we assume
28)
equivalently,
(2.32) 
(2.34) Remark 2.3. Applying the transformation (1.5), we obtain the following non-steady solution:
where α and β are arbitrary functions of t.
Solutions of Nonlinear MHD Equations
In this section, we will find multiple parameter function exact solutions of the nonlinear MHD equations (1.2) and (1.3). We first assume ϕ = σ t xy + f x + gy + h, ψ = σ z xy + λx + µy + ρ, (3.1)
where f, g, h, σ, λ, µ and ρ are functions in t, z. Then (1.3) naturally holds. Moreover, (1.2) becomes
3)
Solving (3.3) and (3.4), we get
where ϑ and τ are arbitrary functions in t, z. Moreover, (3.5) becomes
modulo the transformation of type T 0,ν in (1.9). So we have the following simple conclusion.
Proposition 3.1. Let σ, ϑ and τ be functions of t, z. We get the following solution of the nonlinear MHD equations (1.2) and (1.3):
The main objective in this section is to find more sophisticated exact solutions of the equations (1.2) and (1.3). Let ℑ and ε be functions in t, z. Set (3.12) where ζ and η are functions in t, z, ̟ to be determined, and σ is a function of t, z. Then (1.2) becomes
and (1.3) becomes
In order to solve the above system of partial differential equation, we assume
Moreover, (3.13) becomes
for some three variable function F . Now (3.14) becomes:
Modulo the transformation in (1.9), we have
for a function λ of t, z and a functionF of t, z, ̟ such that
In order to find exact solutions of the above equation, we take the following special cases of ℑ 2 + ε 2 . Without loss of generality, we assume b = 1 in (3.17).
Case 1. ℑ 2 + ε 2 = e a 1 t+a 2 z with a 1 , a 2 ∈ R. 
Our assumptions says
for 0 < i ∈ Z. Moreover, we let (3.35) for 0 < i ∈ Z. Given one-variable functions (3.36) we have the following solution of (3.30):
Case 2. Case 1. ℑ 2 + ε 2 = e a 1 t z a 2 with a 1 , a 2 ∈ R such that a 2 ∈ {0, Z + 1/2}.
As (3.24)-(3.28), we have:
In this case, (3.23) is equivalent toF
For a ∈ R \ {0, Z + 1/2}, 44) for 0 < i ∈ Z. Given the one-variable functions in (3.36), we have the following solution of (3.40):
Case 3. Case 1. ℑ 2 + ε 2 = t a 1 z a 2 with a 1 , a 2 ∈ R \ {0, Z + 1/2}.
In this case, (3.23) is equivalent tô
Given the one-variable functions in (3.36), we have the following solution of (3.48): 
where (1) σ is given in (3.28) or (3.29) with a 1 , a 2 ∈ R andF (t, z, ̟) is given in (3.37) via (3.32)-(3.34) ; (2) σ is given in (3.38) or (3.39) with a 1 , a 2 ∈ R such that a 2 ∈ {0, Z + 1/2} andF (t, z, ̟) is given in (3.44) via (3.32)-(3.34) and (3.41)-(3.42) ; (3) σ is given in (3.46) or (3.47 ) with a 1 , a 2 ∈ R\ ∈ {0, Z + 1/2} andF (t, z, ̟) is given in (3.49) via (3.41) and (3.42) .
Finally, we have the following obvious results. (1) ϕ = F w (t + z, x) + G w (t − z, x), ψ = F w (t + z, x) − G w (t − z, x); (3.52)
(2) ϕ = F w (t + z, x 2 + y 2 ) + G w (t − z, x 2 + y 2 ), (3.53) ψ = F w (t + z, x 2 + y 2 ) − G w (t − z, x 2 + y 2 ). (3.54)
We remark that we would get more sophisticated solutions if we apply the transformations (1.6)-(1.16) to our above solutions. For instance, applying the transformations (1.11)-(1.16) to the solution in (3.52), we obtain the following solution of the nonlinear MHD equations (1.2) and (1.3): ϕ = F w (t + z, (x + σ) cos 2α + (y + τ ) sin 2α) + α ′ ((x + σ) 2 + (y + τ ) 2 )
+σ t (y + τ ) − τ t x + λ t + G w (t − z, (x + σ) cos 2α + (y + τ ) sin 2α), (3.55) ψ = F w (t + z, (x + σ) cos 2α + (y + τ ) sin 2α) + ǫα ′ ((x + σ) 2 + (y + τ ) 2 )
+σ t (y + τ ) − τ t x + λ t − G w (t − z, (x + σ) cos 2α + (y + τ ) sin 2α) (3.56) with ǫ = ±1, where α = α(t + ǫz) is an arbitrary one-variable function, and σ, τ, λ are any functions in t, z.
